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Direct Simulation of Rotational Relaxation Using
State-to-State Cross Sections

Darrin L. Willauer® and Philip L. Varghese¥
University of Texas at Austin, Austin, Texas 78712

Rotational relaxation in para-hydrogen ( p-H,) is modeled using a direct simulation Monte Carlo (DSMC)
method with state-to-state collision cross sections and the results are compared with a simple Borgnakke-Larsen
(B-L) type rotational relaxation model. The detailed simulation shows that the rotational population relaxes
through nonBoltzmann distributions as expected. However, even the rotational energy relaxation shows some
unexpected features that cannot be described by the simple model. For initial states with strong nonequilibrium,
the simple B-L model fails to provide even a qualitative description of the relaxation of the rotational energy

of p-H,.

Introduction

HE most common method used to solve rarefied flow-

fields is the direct simulation Monte Carlo (DSMC) method
pioneered by Bird.! The DSMC method involves simulating
the flow physics as opposed to solving the conservation equa-
tions for mass, momentum, and energy. The flow is modeled
on the molecular level using a relatively small number of
stmulated molecules. Although it has not yet been proven
that the DSMC method is guaranteed to converge to a solution
of the Boltzmann equation, it is very widely used because of
its efficiency and simplicity.

There is considerable interest in developing accurate models
for rotational and vibrational energy relaxation because of
the influence that nonequilibrium populations can have on
the chemical reactivity of the gas. For example, dissociation
occurs predominantly from highly excited vibrational states.”
Rotational energy also affects the chemical reaction rate by
reducing the number of bound vibrational states in a rapidly
rotating molecule.*

Most current DSMC calculations use a simple variable hard
sphere (VHS) model for the elastic collision cross section.*
Although this 1s a powerful and useful simplification, the ““best”
power law exponent to be used in simulations tends to depend
on the flow conditions. Intermolecular energy exchange is
usually simulated by means of a derivative of the Borgnakke-
Larsen (B-L) model® with vibration and rotation collision
numbers used to specify the rate of vibrational and rotational
relaxation relative to the elastic collision frequency. Rota-
tional relaxation is often assumed to be fast with a rotational
collision number Z, = 5. Models for temperature-dependent
rotational collision numbers have been proposed in Refs. 6-
8. Boyd” has given a form for the probability of rotational
energy transfer that reproduces the Parker® result when using
the VHS model in a DSMC computation. These models treat
the internal energy as a continuous variable. It is also assumed
that one only needs to track the rotational temperature. de-
fined in terms of the mean rotational energy of the distri-
bution. This involves an implicit assumption that the rota-
tional population is at least approximately Boltzmann
distributed. However, it is well known that rotational distri-
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butions do not relax to equilibrium through intermediate
Boltzmann distributions.!” This article is part of an effort to
simulate internal state relaxation more accurately in DSMC
calculations and to assess the complexity and computational
cost of the more accurate procedure.

We have performed DSMC calculations of spatially ho-
mogeneous rotational relaxation of para-hydrogen (p-H,),
tracking individual quantum rotational states. and using state-
to-state collision cross sections to compute the rates of inter-
molecular energy transfer. The results of the calculations are
compared to those obtained using a B-L-type model. We
chose to study rotational relaxation of p-H, for several rea-
sons. Most importantly, the master equation calculations of
Rabitz and Lam provide a benchmark to check the accuracy
of our calculations. The rotational levels of p-H, are widely
spaced so the effects of quantization are significant at ordinary
temperatures and only a few excited rotational states are pop-
ulated. This made the preliminary modeling manageable. Be-
cause the vibrational energy level spacing is large, the vibra-
tional energy is effectively “'frozen™ and does not need to be
considered. Finally, there is a reasonable data base on the
state-to-state cross sections for hydrogen so that the detailed
calculations are based on realistic numbers. Although the
simulation was run for p-H,, the methodology is general and
can be applied to any gas, provided one has reasonable es-
timates for the state-to-state cross sections.

Modeling

Collision Cross Sections

We have used rotational state-to-state collision cross sec-
tions calculated by Zarur and Rabitz."' They present extensive
results calculated from the “‘effective potential” method which
are in close accord with the more rigorous close-coupling
calculations of Green'? and Monchick and Schaefer.'* Zarur
and Rabitz calculated elastic and excitation collision cross
sections for individual processes J.J,— J.J ... where J, denotes
the rotational quantum number of state /. Cross sections were
presented in tabular form as a function of the total energy of
the colliding pair ¢, The cross sections were transtormed to
functions of the relative kinetic energy ¢,, by subtracting the
energy contained in rotational levels J, and J, from the total
energy of the colliding pair

&, = & — (Eu + 8/-,) (1)
Using the rigid rotor approximation, the energy of a particular
rotational level with quantum number J is given by

’

() = J(J + 1)ke, (2a)
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= JU + )heB (2b)

Here k is Boltzmann’s const, 8, is the characteristic rotational
temperature, 4 is Planck’s const. ¢ is the velocity of light. and
Blecm~'] is the spectroscopic rotational const (B, or B,. see
below). Once the data were transformed, the elastic collision
cross sections were curve-fit with power law equations while
the excitation collision cross sections were curve-fit with third
order polynomials. These equations were kept simple to re-
duce computational time and cost because a new collision
cross section must be calculated each time a collision pair is
sampled.

Zarur and Rabitz only provide the elastic and excitation
collision cross sections, so the de-excitation cross sections
were calculated using the principle of detailed balance. For
identical particles the de-excitation collision cross section o;
at £, is related to the excitation collision cross section o,
at g, by

i

( + )2 + I + D,

i€ = T s @+ D@+ 1) e, 0 ) @)
where

g, =g, + A¢ (4a)

Ae = (g, + &) — (g0 + £, . q (4b)

Here Ae is the net increase in rotational energy during the
excitation process, and the kinetic energies for excitation and
de-excitation processes are related by conservation of energy.
The Kronecker deltas account for symmetry factors in the
definitions of the cross sections used in Ref. 11, and arise
when either the initial or final quantum states of the molecules
are identical. When using ordered pairs to describe the process
(ij — 1'j"), two processes must be accounted for in general,
the “direct” process (i — i', j — j') and the “exchange”
process (i — j', j — i'). However, when either the final or
initial states are identical, the direct and exchange processes
are the same and the factor of symmetry is needed to prevent
double counting.

To guarantee detailed balance, de-excitation cross sections
were always calculated using Eq. (3) with the corresponding
excitation cross section determined from the curve-fits. We
tried to use curve-fits to de-excitation cross sections calculated
from Eq. (3), but found they did not maintain detailed bal-
ancing over many collisions. This is because the curves sat-
isfied detailed balance exactly at the fitting points, but not
between them.

Collision Pair Sampling

Collisions were sampled using a modified version of the
“no-time-counter” method" to determine the rates of indi-
vidual elastic and inelastic processes. Each rotational level is
treated as a separate species. Because we simulated p-H.,
only the even rotational quantum numbers were needed. (Or-
tho- (o0-) and para- (p-) states of H, arise from nuclear spin;
o-states are symmetric and p-states are antisymmetric with
respect to exchange of the nuclei. Because H nuclei are fer-
mions, the overall molecular state must be antisymmetric with
respect to nuclear exchange. Thus, p-states only occur with
even rotational quantum number J, whereas o-states only
occur with odd J. This simplifies the modeling problem be-
cause processes that mix nuclear spin states are very unlikely.)

The rotational level of each molecule is stored in a cross-
referencing array similar to that used for determining the
spatial location of the molecules. This allows efficient sam-
pling of molecules from a particular species (rotational state).
The number of random pair selections 7, ., for a collision
process specified by the ordered pairs (J,.J,) — (J,-.J,)) is cal-
culated from

Ny = LU+ 8)INArr AT, )i (

W
=

where N is the number of simulated molecules, n is the num-
ber density of the gas. r; is the fraction of molecules in a
particular state i, (07 .,;V,) 15 the maximum product of the
relative velocity v, and the state-to-state collision cross sec-
tion, and Ar is the global time step. Ordered pairs are defined
by j = i. j = i".'" The Kronecker delta function is used to
generate the symmetry factor when j = i. Equation (5) is
very similar to one derived by Baganoff and McDonald.'* The
difference is that Eq. (5) is applied to individual processes of
individual species. whereas Eq. (20) of Ref. 15 was applied
only to collisions between individual species. Equation (5) is
the general form of the no-time-counter method and can be
shown to reproduce the standard no-time-counter method
wheni =j =1 =]

7 = INn(1)°A0v,)0 ©

Knowing the number of samples 7 for each process (ij —
i'j"), random pairs of molecules in the specified initial states
are selected and the product of their relative velocity and
collision cross-section is calculated. A random number is drawn
and compared to the value of (v,o,. ., )/ (V,0, ;) max- The pair
is accepted if the random number is smaller than the ratio,
otherwise a new random pair is chosen. Excitation processes
are automatically forbidden when the relative kinetic energy
of the selected pair is less than the excitation energy, because
the cross-sections are explicit functions of the relative kinetic
energy. If the pair is selected for collision by the acceptance-
rejection procedure, the rotational energy is distributed ac-
cording to the rotational levels specified by the transition.
The magnitude of the postcollision relative velocity vector is
determined by the conservation of energy, and its orientation
is randomly chosen from a spherically symmetric distributior.
This procedure is repeated for each collision process. Note
that elastic processes are treated in the same way as inelastic
processes, and correspond to the special case ij — ij.

The ratio r; is updated at the beginning of each global time
step. Our method is equivalent to a standard no-time-counter
method, therefore the computation time is proportional to
the number of simulated molecules. The number of collision
pairs sampled for particular processes (typically involving high
J states) can be quite smail compared to other processes which
result in large statistical fluctuations in the populations of
these states. This was remedied by artificially increasing the
maximum product, (v, . )m... by a factor B, to give more
samples for these processes. This factor was then included in
the acceptance-rejection process. Note that 3 is not the same
as the typical species or regional weighting factors because it
1s a function of the particular collision process and does not
affect the density. It is used to ensure that a statistically mean-
ingful number of collision pairs are sampled relative to the
other collision processes.

Temperature Definition

Mode temperatures (translational. rotational, vibrational)
can be meaningfully defined in a nonequilibrium situation,
provided the modes are Boltzmann distributed. In this context
the temperatures can be regarded as the parameters that de-
scribe the population distributions over the quantized energy
states of the corresponding mode. Relaxation proceeds by
means of a series of intermediate population distributions that
are nonBoltzmann, becuase the quantized rotational states
are not equally spaced. Although one can still define a ro-
tational temperature based on the mean rotational energy,
this parameter must be treated with caution. Two non-
Boltzmann distributions having the same mean energy, and
thus the same rotational temperature, may behave very dif-
terently. For example, their chemical reactivity and relaxation
rates might differ significantly.

The quantized rotational distributions of H, were calculated
for a characteristic rotational temperature 6, = 87.65 K. This
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value was calculated [(cf. Egs. (2a) and (2b)] from the spec-
troscopic rotational constant B, which corresponds to the
equilibrium internuclear separation.'® This procedure is con-
sistent with a rigid-rotor model. but it might have been pref-
erable to use the rotational constant of the vibrational ground
state B, to simulate hydrogen most accurately; this would give
6, = 85.4 K. (The decrease in 6, arises from the slight increase
in the effective moment of inertia due to the zero-point vi-
bration of the H, molecule in its ground state.) However, a
sample calculation showed that the slight change in 6, did not
affect the results appreciably.

We use rotational temperature because it is so commonly
reported in the literature. We define the rotational temper-
ature T, of a nonequilibrium distribution to be the tempera-
ture of a quantized Boltzmann distribution that has the same
mean energy as the given distribution. The DSMC simulations
in this work had J restricted to 0. 2, 4, or 6; the mean energy
of an arbitrary truncated distribution is given by

fmax

£ = O 202 + k8(ny/n,) (7)

=0

where n-,/n, is the fractional population in level 2i. The cor-
responding relation for a Boltzmann distribution is explicitly

o oy 1 -
el (T) = o) ]2 JU + Dko.2J + 1)
oo 200 .

where the rotational partition function is

o=, 2%

T,

r

(2J + l)exp [— JU_+. 16, 1)0’] ©)]

The sums over J in Eqgs. (8) and (9) are taken over all even
J values that contributed at the specified T,, i.e., these sums
are not truncated at J = 6. Nuclear spin degeneracy has been
neglected in Egs. (7-9) because the sums are taken over a
single spin modification (para in our case). Figure 1 shows
the mean rotational energy of Boltzmann distributed p-H, as
a function of rotational temperature. This curve was used to
determine the rotational temperature of arbitrary distribu-
tions with specified mean rotational energy. Figure 1 also
shows the classical (nonquantized) equipartition relation be-
tween mean energy and rotational temperature of a diatomic

1000

T
[ - Classical
800 Quantum
¥ 600
&
o
»og00 -
200 ~
+ y {
0 7z L x PRI T ST ‘T
0 200 400 600 800 1000

Fig. 1 Mean rotational energy of p-H, at equilibrium as a function
of rotational temperature. The energy is divided by Boltzmann’s con-
stant to give units of Kelvins. A characteristic rotational temperature
6, = 87.65 K was used for the quantum calculation. This curve is
used to define rotational temperature in a nonequilibrium gas. The
classical value is shown for comparison.

molecule. Note that there is a significant ditference between
the two curves over a substantial temperature range.

Results and Discussion

We have validated the code by repeating some of the cal-
culations of Rabitz and Lam' who studied rotational relax-
ation of p-H, using a master equation formulation. Our pro-
cedure is somewhat more general because the DSMC method
does not require the assumption that the velocity distribution
remains Maxwellian. Simultaneous translational and rota-
tional relaxation can be modeled using our technique. How-
ever, the assumption of a Maxwellian velocity distribution is
quite good for hydrogen because rotational relaxation is very
slow. Therefore. our results can be compared directly with
those of Ref. 10: the agreement with the master equation
results is very good. We present some representative results
and the following discussion is focused on the implications of
the results for DSMC simulations. The discussion is couched
in terms of nearest-neighbor transitions. Multiple quantum
transitions are included in the modeling, but the cross sections
are much smaller, and nearest-neighbor transitions (AJ =
+2) tend to dominate.

We calculated the spatially homogeneous relaxation of p-
H, starting from a Maxwellian velocity distribution at 300 K
and a Boltzmann rotational distribution at 700 K. More than
99.9% of the p-H, molecules have J < 6 at 700 K. so little
error is introduced by truncating the rotational distribution
in the DSMC simulation. The results were obtained by av-
eraging three simulations of 1000 molecules each. The com-
putational time step ¢, of 1.25 ns is about one-fifth the mean
time between collisions 7, calculated at the initial translational
temperature (300 K) using a hard-sphere collision diameter
of 0.293 nm."!

Figure 2 shows the evolution of the individual state pop-
ulations with time. The relaxation proceeds initially with a
relatively rapid equilibration of state 0 within about 3007, (1,

= 1500), by a transfer of population from state 2. The equi-
libration of states 2 and 4 is slower and results in a net re-
population of state 2. The relaxation of state 6 is the slowest,
and the equilibration with state 4 results in a slight net increase
in state 4 population as it approaches the final equilibrium.
It is clear from the plot that the relaxation is quite complex.
with populations of states 0 and 6 showing monotonic relax-
ation, while states 2 and 4 show minima (the former being
much more pronounced than the latter).

The relaxation of the rotational energy plotted in Fig. 3
shows none of these complexities. The mean rotational energy
and the corresponding rotational temperature approach equi-
librium in approximately 26007, i.e., r, = 13,000. Careful
inspection of Fig. 2 shows that state 6 has not completely
equilibrated at this time and requires about 70007, (r, = 35,000)

<
010° 110* 210* 310* 410* 510° 610°
Time Step
Fig. 2 Fractional populations in individual rotational states during

relaxation of p-H, initially at T,, = 300 K (Maxwellian) and 7, = 700
K (Boltzmann). The computational time step is 1.25 ns.
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before reaching equilibrium. This has little effect on the mean
rotational energy because the equilibrium population in this
state is very small at this temperature (456 K). Figure 3 also
shows the results obtained using a standard Borgnakke-Lar-
sen relaxation with a constant rotational collision number Z,,
= 300. This is approximately the value determined by acoustic
measurements and distorted wave calculations near room
temperature.'” It is clear from Fig. 3 that Z,, is too large to
simulate the energy relaxation. However, as noted above in
the discussion of Fig. 2. Z, = 300 describes the equilibration
of states 0 and 2 quite well. Independent theoretical calcu-
lations of Z ..., give a value of 660 at 300 K.'” This is also
confirmed by the population trends in Fig. 2. The values of
Z, reported in the literature refer to the number of collisions
required for population relaxation and do not apply to the
collision number for energy relaxation required by B-L models.
The value of Z, required to describe the energy relaxation
by the B-L model is less than the smallest value describing
the population relaxation (at least for p-H,). This is surprising
and counter to our intuition.

It is possible to obtain better agreement with the state-to-
state relaxation model by using a smaller value for Z,, in the
B-L model. This is shown in Fig. 4, which gives the results
of the relaxation with Z, = 100. The agreement is clearly
much better, although there are still systematic deviations at
early times. Although this approach can give reasonable re-
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Fig. 3 Translational and rotational temperatures during relaxation
of p-H, initially at 7,, = 300 K (Maxwellian) and 7, = 700 K (Boltz-
mann). The calculation with state-to-state collision cross sections is
compared to the B-L model with Z, = 300 (const).
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Fig. 4 Translational and rotational temperatures during relaxation
of p-H, initially at T,, = 300 K (Maxwellian) and T, = 700 K (Boltz-
mann). The calculation with state-to-state collision cross sections is
compared to the B-L model with Z, = 100 (const).

sults, the value of Z, used in the B-L. model must be deter-
mined by trial and error. Therefore, when using the B-L
model, the value of Z given in the literature should be checked
to ensure it is valid for energy relaxation and not population
relaxation as typically given.

Unfortunately, this approach is not guaranteed to work in
all cases. We examine the relaxation of three rotational dis-
tributions with an initial mean rotational energy of 0.10 eV
(T, = 1190 K) and a Maxwellian translational distribution
with mean kinetic energy of 0.05 eV (T,, = 390 K). The
rotational distributions for each case (I-1IIT) are summarized
in the table in Fig. 5 which shows the relaxation of the mean
rotational energy (expressed in terms of T,) for each case.
The results are plotted against fp instead of ¢ to provide a
direct comparison with the results in Ref. 10. Although each
case has the same final equilibrium state (as expected), the
approach to equilibrium is quite different. Figures 6—8 show
the calculated populations of the rotational states as a function
of time for each case. Although it might appear that cases I
and II could be modeled by a suitably adjusted B-L model,
the relaxation is actually quite complex. Figure 9 shows the
temporal evolution of T,, and 7, for case . There is evidence
that the rotational temperature drops below the translational
temperature and then rises slowly to the final equilibrium
value. This overshoot occurs because of the more rapid equi-
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Fig. 5 Variation of rotational temperature with time during relax-
ation of p-H, for three different rotational distributions with the same
initial mean rotational energy 0.1 eV (T, = 1190 K). The initial trans-
lational distribution is Maxwellian with mean Kkinetic energy 0.05 eV
(T,, = 390 K).
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Fig. 6 Fractional populations in individual rotational states during
relaxation of case I of Fig. 5. Initial population fractions: ny/n, = 0,
ny/n, = 0.481, n,/n, = 0.519, and n,/n, = 0. The computational time
step is 1.43 ns.
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Fig. 7 Fractional populations in individual rotational states during
relaxation of case II of Fig. 5. Initial population fractions: n,/n, =
0.337, n,/n, = 0, n,/n, = 0.663, and n./n, = 0.
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Fig. 8 Fractional populations in individual rotational states during
relaxation of case [II of Fig. 5. Initial population fractions: ny/n, =
0.684, n,/n, = 0, n,/n, = 0, and n,/n, = 0.316.
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Fig. 9 Translational and rotational temperatures during relaxation
of case I of Fig. 5.

libration of the states 0. 2, and 4, and the much slower ex-
citation of state 6.

Case 111 illustrates this effect more dramatically. The state-
to-state simulation predicts a significant increase in rotational
temperature prior to the decrease to the final equilibrium
value. Two separate simulations were carried out and are
shown in the figure as an indication of the reproducibility of
the results. The initial increase of rotational energy and tem-

perature arises from rapid population transfer from state () to
state 2, followed by the much slower relaxation from state 6.
This behavior cannot be simulated by the rotational relaxation
models implemented in most current DSMC codes. Although
the initial rotational distribution for these cases is artificial,
similar types of distributions might arise in a gas where highly
excited rotational levels are populated selectively by radiation
or chemical reactions.

Computational Requirements

The simulations were run on a CRAY Y-MP. The B-L
model required approximately 8.3 us per time step per sim-
ulated particle, and the state-to-state model required ap-
proximately 24 us per time step per particle. The time re-
quired for either model scales directly with the number of
particles. The additional time required by the state-to-state
model arises from the need to calculate a colliston cross sec-
tion each time a collision pair is chosen. Additionally, the 8-
factor used to obtain better statistics for processes with small
cross sections increases the number of collision samples and,
therefore. the computational time. Neither code is vectorized
at present and we expect considerably enhanced speeds after
vectorization.

Conclusions

The results of the simulation of rotational relaxation with
state-to-state cross sections indicate that simple relaxation
models, such as the Borgnakke-Larsen model. fail to repro-
duce the actual relaxation behavior. In certain cases it may
be possible to adjust the theoretical rotational collision num-
ber to reproduce the relaxation of the mean rotational energy
with acceptable accuracy. However, the reduction required
may be difficult to predict a priori. If the initial state has
strong nonequilibrium with highly excited states selectively
populated by radiation or chemical reactions, then the simple
models will fail to reproduce the relaxation behavior even
qualitatively.

It does not appear to be practical to apply the state-to-state
simulation to the analysis of complex flows, particularly of
gases with more closely spaced rotational levels. Studies of
homogeneous relaxation problems of the type described in
this article should provide the basis for improvement of the
simple models that must be used in these cases. An approach
similar to the one described by Hermina'* may also be possible
if representative states are to be tracked in a DSMC com-
putation.
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